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Abstract

We study the existence and nonexistence of global solutions to the degenerate evolution inequalities with singular potential
constructed from the generalized Greiner vector fields. For the proof of the existence results, we use the method of supersolution
and the modified Bessel function. The nonexistence results are established by the test function method.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Let

9 9 9 9
X = — +2dy;|z]* 72—, Y = — — 2dx;|z]2 72—, 1.1
= T il 7= %y, Y (1.1

with j = 1,....n,x,y € R 1 € Rz = x +v/=1y, Iz =[] (] + yf)]%,d > 1, be the generalized Greiner

vector fields. The generalized Greiner operator is defined as A; = Z?:l (X? + Yj2) When d = 1, Ay becomes

the sub-Laplacian Ag» on the Heisenberg group H"; see Folland [1]. If d = 2,3, ..., A is the Greiner operator;
see [2]. As is well known, the vector fields X1, ..., X,, Y1,..., Y, in (1.1) do not possess left translation invariance
ford > 1 and, ifd # 1,2, 3, ..., they do not meet the Hormander condition [3].

We study the existence of global solutions to the degenerate parabolic inequality with singular potential

au v
- _ Rl q
P ALu+Ap2uz |ut] (1.2)
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in two classes of subdomains of the half-space S := R+ % (0, +00), for suitable A > 0. Here p = p(z,1) is a
4d—-2
distance function (see (1.6) below), v = |;|4d,2 . We also establish nonexistence results for higher-order degenerate

evolution inequalities of the form

a*u v

2
in S, where A > — (%) .

Since Fujita’s famous classical paper [4], the studies of existence and nonexistence of global solutions to nonlinear
heat equations on the Euclidean space and on nilpotent Lie groups have attracted much interest over the past few years;
see [5-9] and the references therein. Levine and Meier [6] and Pascucci [7] obtained some sharp critical exponents for
the reaction—diffusion equation on the Euclidean space and on nilpotent Lie groups, respectively. For the Euclidean
case, Laptev [8] studied the nonexistence of global (nontrivial) solutions of some semilinear higher-order evolution
inequalities. Hamidi and Laptev [9] proved nonexistence results for semilinear higher-order evolution inequalities
with critical potential

Calc At —u > . (1) € R x (0, +00), A > "_22k>1
_— — u —=U u|’, X, X 5 0), = — 5 - 1,
ok M 2

S

TETE0 =0, xeR"n =3,

They found that, for some ¢*(n, A, k), the above problem has no nontrivial global solution when 1 < g < ¢g*. Hamidi
and Laptev also established the existence of positive solutions to the parabolic inequality

ou A
— —A —u>u?f, A>0
o~ Autpu = lul =
in R” x (0, +00). In [9], the authors used the fact that the potential ﬁ is radial on Euclidean space. Naturally one

wants to know whether the results in [9] can be generalized to inequalities with nonradial potential function or to
degenerate inequalities.

The heat equation associated with the generalized Greiner vector fields is one of the important degenerate equations.
In this present paper we study the existence and nonexistence results for semilinear degenerate evolution inequalities
formed from the generalized Greiner vector fields. In the following we describe some known facts (see [10,11]) about
the operator Ay and the family of vector fields {X1, ..., Xu, Y1,..., Yu}.

Denote the generalized gradient by V;, = (Xy,..., X,, Y1,...,Y,). A natural family of anisotropic dilations
attached to (1.1) is

8a(z, 1) = (az, a®l), a>0,(z1) e R (1.4)
It is easy to verify that
dd,(z, 1) = a%dzdl, (1.5)

where Q := 2n+2d is the homogeneous dimension related to (1.4) and dzd/ denotes the Lebesgue measure on R>**1,
The distance function is defined by

pz. 1) = (|z[* + 12)3a. (1.6)

The next remark concerns the action of A; on radial functions u € C? depending only on p(z, [). It is easy to show
that

Apu(p) =y [u”(p) + o u’(p)] . (1.7
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where Y == |V, ,0|2 C? depending only on |z|, we have

” 0—-2d—-1,
Apu(lz]) = u(|z]) + T (Iz]). (1.8)

We note that the potential V = A% in (1.2) and (1.3) is homogeneous of degree 2 with respect to the dilations §,
P

and it has a weaker singularity than the inverse square function in the Euclidean case.

The plan of the paper is as follows. In Section 2 we recall a recursion formula concerning the modified Bessel
function, define precisely the weak solution of problem (1.3) and establish some estimates which we shall use in
the sequel. Section 3 is devoted to the existence results for (1.2). In Section 4, we prove the nonexistence of global
solutions for higher-order degenerate evolution inequalities and systems.

2. Preliminaries and auxiliary estimates

Throughout this paper, the letter C denotes a positive constant which may vary from line to line but is independent
of the terms which will take part in any limit process. Let I, (r) be the modified Bessel function of order o; then the
following recursion formula holds (see [12]):

rl, =oly +rlyy. 2.1

Definition 2.1. Letu(z, [, 1) € C(Rz’”‘1 % [0, 400)) which has locally integrable traces %’f(z, LO),i=1,...,k—1,
on the hyperplane + = 0. The function u(z, !, t) is called a weak solution of (1.3) in S if for any non-negative test

function ¢ (z, [, t) with compact support, such that 2 o k e C(R?! x [0, 400)), —Ar ¢ + A 2¢ e Li(R¥*! x
(0, 400)), the followmg inequality holds:

k—1
/// [( 1)k AL¢+Aw¢} dzdlde > /fRz . ;k th(z 1,0)¢(z,1,0)dzd!

k=1 gk—1-iy, i¢
+Z( 1)‘//2+1 ST el 0) 5 (.1, 0)dzd!

+ / / |ul9pdzdidr. 2.2)
S

The definition of weak solutions of (1.3) in any subdomain {2 C S is analogous.
Define the parameters

. 0-2 [r0-2)? _0-2 . [ro-2\?
s_2+(2)+k, s*_—2+<2)+k. 2.3)

Using (1.7) one easily sees that

14 5 _ 14 g .
( AL +A T l)),o (z,l)_< AL +A T l))p (z,))=0 (2.4)

for any (z,1) € RZ+1\{(0, 0)}. In the following we construct a test function and obtain some estimates.
Letg : [0, +00) — [0, 1] be a smooth function which equals 1 on the interval [0, 1] and O on the interval [2, +00).
Let

P = wkpo
for some po > 1 and k € N. A direct computation shows that

)4

(kpo)! k —i -1 .
|o P < C— ko=l < coP7! foranyl < j <k, 1< p < po. (2.5)
Z (kpo — 1 e r=r
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JE (L
Let# > Oand R > 1; for the function &(-7) we have supp‘qﬁ (#)‘ ={(1.1)eS:0=<t<2R%}, supp| ( é})|
={(z,1,t) eS: R <t <2R%} and
k t P
° (F) dt < CR™O%P=D (2.6)
dk (L drk _ ; —= : .
supp ‘SkRQ) o7 1(@)
Set
p(z, D)
Vr(z, 1) = Yr(p(z, 1) = ps(z,l)q‘( R ) (2.7)
where the parameter s will be chosen later. It follows from (2.5) that
p
Wh(p)|” < cor! (ﬁ) G=bp (14 2, 2.8
[ ZR()]" = z)P + % 238)
2p
" p -1 £ (s—2) _p T
| V()" <Ccor (R)ps P<1+ +R2p) (2.9)
We then obtain for the operator A := A, —A%:
—1 A p
|AYR(z, DIP = yP - ‘er/ + o-1 U — P VR
s—2p pP p2p
=< Clﬁ (Z Dp (l + — + ﬁ) (2.10)

If A >0, wesets = s, > 0. Since A(p**) = 0 (from (2.4)), we then have AyYyg = 0 for p < R and

supp|Ayg| C {(z.1) € R*" "' : R < p(z,1) < 2R}. On the other hand, 1 + % + I’éZ < C for some C > 0 when

R < p < 2R. Therefore, |AYg(z, )P < Cl/ff;_l(z, Dp*~2P for R < p < 2R, Wthh gives

AYR(z, DIP ,
// 1AV& G DI Wfl(z ) dzdl < C// p% 2P dzdl
supplAvrl YR (z,1) {(2.H)eR?H:R<p(2,1)<2R)

< CRH72PFQ, (2.11)
Define the function
wr(z,1,1) = 45( )wk(z D). (2.12)

It yields by (2.11),

A L )P 2R A N
/// 14¢r G, 1, DI ‘Dfl(z ) dzdldt:/ ( 9>dt/f | wR(Z [AVRGE DIy
supplAgr| @R (2,1, 1) 0 R suppldyrl W' (z, 1)

< CRITs—2r+C (2.13)

Analogously, using (2.6), we get
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///s oy akaa(tZk’ Lo” — dzdids
o] i G
qus(#) o
= /Supp dkigftﬂ) drk o~ (#) dr //{(Z,Z)eRZHI:p(z,Z)dR} VRr(z, Ddzdl
< CR&HQ-0Gp=1), .

When 0 = %, the power in (2.13) equals the one in (2.14): 0+ 5, —2p+ Q0 = s, + Q0 —0(kp—1) =5, —2p+ 0+ %
Thus, we eventually arrive at

p
(1) Z4E — Agg
J, = / / / N _ dzdids
supp|(— )k 98 — Ag| vk
< CR&20+0+%, (2.15)

If —(%)2 < A < 0, we then take s = —s* < 0 which gives A¥g = 0 for p < R and supp |Ayg| C {(z,]) €
R2"+1 . R < p < 2R}. Similar to the estimates (2.11) and (2.15), we have

A NG :

// | 1/f§1(z, )| dzdl < CR—"-20+0 (2.16)
supplAvel Yk (z,1)
and
k P
(—1F 588 — Agp .

Iy = / / / . i dzdldi < CR™72P+QHE, (2.17)

suppl (— Dk 48 — Agr| PR

3. Existence results

If 2 ¢ R?*!is a domain with the property that there exists a positive constant M > 0 such that |z] < M for
every (z,1) € f2, then we denote 2 by 2. It is easy to see that all bounded domains in R?"*! satisfy the property
for suitable constants M > 0.

Consider the parabolic problem

d
Tapu 2 a0 € Ty x 0, +00),
o

u(z,1,0) = up(z,1) >0, (z,1) € Xy

with Sy = (@D € Qu : 0 = s < i+ (%32 C Oy and A be such that: /3 + (%22 >

i (M2 + 0 —2).

3.1

Theorem 3.1. If ¢ > g* =1+ ﬁ, then the problem (3.1) has nontrivial global solutions.

Proof. Let v(z, 1, t) be a positive solution of
ov

— —ALv —i—)»ﬂv >0, (z,1,t) € Yy x (0, 4+00),
ot p?

v(z,1,0) =v9(z, 1) =0, (z,]) e Xy,

(3.2)

and let

w(z,l,t) = at)v(z,l,1).
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Then w will be a solution of (3.1) provided

o (1) = [ v, - ,t)IILm(E y >0 (3.3)
with «(0) = op > 0. The solution of (3.3) will be global in ¢ if, and only if,

+00
/O v, - ,t)IILDO(E ydi < 400 (3.4)

and

+00 *q%l
O<Ol()< I:(q_l)f ||U(, ’t)”LOQ(EM) ] .

Thus, it remains to construct v(z, [, t) which satisfies (3.4). We define the nonradial function

1 1 Iz lz)? + 1
v(z, I, 1) = - . exp| ——— |,
1+ 17302 2(t + 1) 4t + 1)

where o == s, + Qz_ A+ (Q 2) and I, denotes the modified Bessel function of order o [12]. Using (1.8) and

(2.1) we arrive at for the operator P := 53—[ —ApL +)L;f—2 and the function v,

Po(z,1,1) = 8 { :(Q — 2)(Q4_ M2 :”j'i + 40'1'21)2 -+ W‘m‘l} I,
+(§Zfﬂd¢—4Jﬂip“}
o[
—s]|-a0-2- Al (| ==
+ 2d,/x+ <¥>21U , 3.5

2 . _ .
with 8 = 1 - ‘ng exp(—H=E) = 0. Since \/2 + (252)2 > 555 (M? + Q — 2), it follows from (3.5) that
Pu(z,1,t) = 0in Xy x (0, 400). Recall the asymptotic behaviours of I, [12]:

rU

YT M 0t,
Ly~ ¥FE+D (3.6)

s asr — +00.

2nr

4= _L _g=L
Since [0 D f () = (@ + D TG+ DTG, D" and [0 +1)731d1 < oo for
any g > ¢*, in order to show that (3.4) holds for any ¢ > ¢*, it suffices to show that

1
limsup(t + D7 [0, -, )l oo (s3yy) < +00- 3.7)

t——+00

Now v(z, I, t) vanishes at |z] = 0, +o0 for each ¢. Thus there exists 0 < r*(t) < 400, such that

v (r*(t)7 t) = ”U(', © t)”LOC(ZM)
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Let
o(@t) = (t + 1)(,%_11) (r, 1)
o (FONTT @ ol
- (r+1> I"<2<r+1>)e e
Set y*(t) = then

2(t+l)’

D) =27 T T+ )T (0) T I (@) e OO,

Suppose that, on some sequence {t }ren, 0 (fr) — 400 as fr — —+oo. If, on some subsequence, y*(#x) — +00,
then

_o-1 o, )2
9~ Clt + )T (¥ (1)) 7 e We=tDO™ W) 554 5 foo,

which implies that 9 (f;) — 0, as #y — +00, on such a subsequence. If, on the other hand, y*(z) — 0,
900~ C [+ DO @] T O sy s oo

from which we conclude that ¥ (#;) is bounded, since r% e~ is bounded on [0, +00). Therefore if O () — +o00, we
must have two constants A and B such that the sequence {y* () };en satisfies

0<A<y*(tx) <B < +o0.

In this case, the expression ¥ (#) is clearly bounded.
Therefore, there is no sequence {f; }rcn such that ¢ (#;) — 400 as fy — +o00. This ends the proof. [

Next, we extend the existence result to the following exterior problem of the parabolic inequality

0
B—L;—ALu—i-)»%uzlmq, (z,1,t) e Dx (0, T),»>0,T > 0,
0

u(z,1,0) = uo(z,1) = 0, (z,D) e D,

(3.8)

where D ¢ R?"*1 satisfies the condition that %’—)Hl)) >14+/A+ (QT_Z)2 for every (z,/) € D.

Theorem 3.2. If g > 1 + 5= +2, then nontrivial global solutions of (3.8) exist.

Proof. Let v(z, 1, t) be a positive solution of Pv > 0 on D x [0, T], with v(z,/,0) = vo(z,/) > 0 on D. Let the
function w be defined on D x [0, T) by w(z,l,t) = a(t)v(z, I, t). Then w(z, [, t) will be a global solution of (3.8)
provided

@) = @O 15, Ol p), 0<1<T (3.9)
with @ (0) = @ > 0. The solution of (3.9) will be global in ¢ if, and only if,

+00
[ e 0l ar < oo (3.10)

and

+00 %1
0<0l0<|:6]—1)/ ||v(, ’t)”Loo(D) ]

Therefore, it remains to construct v(z, [, t) which satisfies (3.10). Consider the function

v 1 ! ( Pz D) ) ( p2(z. 1) + 1)
U(Z,l,t) — 10' exp _pEDhATY
FH 1 (p )@ T2+ 3+ D)
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where o == s, + QT_z We see after using (1.7) and (2.1) that

peD xﬁ@J>+1I}
200+1)° 40+1) °

. —2\? 1 22, + 1
Cp = g (222) o L&D eeDr
2 2(t + 1) 4t + 1)

Pi(z,1,1) = R| =1, —

|
%

_ 0-2\" . (pz.D)—1)?
>R | =1, — )»+<T> Ig—i‘wlg

2 07
_ 2
with 8 = 1—‘” xp(— 2Dty Hin D x [0, T]. Hence, similar to the argument in the proof of

(t+1) oz 1))2(Q 2) 4+1)
Theorem 3.1, we conclude the result. [

4. Nonexistence results for higher-order inequalities (systems)

First we present the nonexistence of global solutions of the problem

ak _92\?

Tu o utrZus et Ginesas—(222) ks1.

otk ,02 2 4.1)
k—1 .
S0 =0, (z.1) € R¥H,

Theorem 4.1. If one of the following conditions holds true:

2
(h1) A>0 and 1<g<g*=1+ 5
S*+F
0 -2\’ . 2
h2) —|—) <A2<0 and 1<gq<gq =1+—2,
2 =S« + %

then the problem (4.1) has no nontrivial global solution.

Proof. Let u(z, [, t) be a global nontrivial solution of (4.1). Substituting ¢(z l,t) = pr(z,1,1t) as a test function in

(2.2), where pg isasin (2.12), p =q' > 1,s = s, ors = —s*, and 6 = k’ and noting that ’k £(z,1,0) > 0 and

8ii.’?(z,l,O)EO,iz1,...,k—1,weget

ort
// lu|9prdzdidr < ///
supp‘( 1)" —Agr

Using Holder inequality for the integral on the right hand side of (4.2) yields

/// lu|?prdzdidr + /// lu|?p* (z, )dzdidr
supp'( l)k‘j WR ‘ {(z.1,1)€S:pr=p%(z,])}

1

ot

[( 1)k "’R AwR]dzdzdt. 42)

1
, lul9prdzdidt | 79, 4.3)
///supp'(—nk”gf’f—m a
and then

/ / / ul?p® (z, 1)dzdldt < J,. (4.4)
{(z.1,1)eS:pr=p"(2.1)}
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First case. If A > 0, taking s = s, we get from (2.15) that

/ / / |ul p* (z, 1)dzdldr < J, < CR*—24'+0+7 4.5)
{(z,1,1)€S:pr=p"* (z,1)}

Since inthiscase | <g <q¢* =1+ ﬁ, ie.se —29g"+ 0+ % < 0, letting R — 400 in (4.5) leads to
ST

// lul? p™*(z, dzdldr < C.
s

On the other hand, from pg(z, [, t) < p**(z, ) and the general properties of the Lebesgue integral we get

i |u|?prdzdlds |u|qps*dzdldt
supp‘(—l)" Tk~ A bupp‘( Dk Lok

=e(R)—0
as R — +o0. Then (4.3) becomes

1 1
/// lul? p**(z, 1)dzdldr < e4(R)C7 — 0
{(z,1,0)€S:pr=p"* (z,])}

as R — +o00. This implies [ [u|?p% (z,1)dzdldr = 0. Therefore, the solution u(z, [, t) must be trivial under the
hypothesis (h1).
Second case. If . < 0, then we can choose s = —s™ and the estimate (2.17) gives

* * ! 2
/f/ ul?p™" (z, )dzdldt < J, < CR™ 2 +9%¢,
{(z,1,H)eS:pr=p—" (z,1)}

Similarly, the nonexistence of nontrivial solutions is deduced in the case —s* — 2¢’ + Q + % <0. O

A

The next result deals with the inhomogeneous problem

ak

3Z_AL”‘H‘£“> ul? +w(z,l), (z,1,t) €S,

Al (4.6)
W(Z» [,0) >0, (z,]) e R+l

with w(z,[l) € LIOC(RZ”“), w(z,l) = 0. The weak solution of problem (4.6) can be understood in the sense of
Definition 2.1 with the extra term [[fg w(z, [)¢dzdldr.

Theorem 4.2. [f A > 0and 1 < g < 1+ S% or —(%)2 <A<0andl <qg<l1+ _LS* then the Problem (4.6) has
no nontrivial global solution for any arbitrary small w(z, 1) > 0, w(z,[) # 0.

The proof of Theorem 4.2 is similar to that of Theorem 4.1, so we omit it. Consider the following systems

8k
—M—ALu+A£uZ|v|‘“, (z,1,1) €8,
kv v
— —Ap v+ A—v > |u|??, (z,l,1) €8, 4.7)
ak—lu ak—lv —_
F(Z’I’O) >0, E)tk——l(z’l’o) >0, (z,01) e R
w2
Theorem 4.3. Let g1, g2 > 1,y = q?(lzj and y» q‘l’f]jl If A > 0 and max{yi, y»} > - ;r", or —(QT_Z)2 <A<

7s*+%
2

0 and max{yi, y2} > , then (4.7) has no nontrivial global solution.
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Proof. We only prove the case A > 0, the other case being treated similarly. Using Holder inequality, we deduce from
Definition 2.1 that

a 1L
// |v|?' prdzdldr < f/f . |u|2@rdzdlds J= 4.8)
S supp‘(—l)"%—/&w ©
a1
// lu|22prdzdldr < /// . lv|? prdzdide | T 4.9)
S supp'(—l)ki’#—wk g
Substituting (4.9) into (4.8) we get
1
192 _1 1
// [v|9 @rdzdldr < f// . |v|? prdzdldt Jne g (4.10)
S supp‘(—l)k”#—mok 1N D
Applying (2.15) to (4.10) yields
i
// [v|? prdzdldt < (11;1/1—1‘];/1@2—1))%42—' < CRs*+%72V1' 4.11)
S 1 2

%42
Therefore, we can conclude that v(z, [, ) must be trivial under the hypothesis y; > u ;r" , and so also must u(z, [, t).
Analogously, substituting (4.8) into (4.9) gives

1
f/ Ul prdzdids < (JE@D BT IR < cpeHie, (4.12)
S 1 2

¥ 2
Hence, there is no nontrivial u(z, [, t) and nontrivial v(z, [, t) for y» > z ;k . This ends the proof. [
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